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Abstract: In this paper, we introduce fixed point theoremondered Banach spaces closed convex
normal cone K and using mixed increasing operata also give a theorem inreal Banach space
ordered by a closed convex normal cone Kand usingednincreasing operator with two linear
continuous operators, s : X — X with L(K)c K, S(K)c K and-(L + §) < 5 An example is given to

illustrate the main result. Finally, we give applions of our results to solve a class of voltéyyze
integral equation.
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Introduction: Fixed point theorem for paid to the derivation of multiplicity results.
increasing operators in  Banach spaces areMoreover, solvability and bifurcation problems
extensively investigated and founded a range of for fixed point equations depending nonlinearly
application to differentialequation. on a real parameter are investigated.

In H. Amann[1] gave a survey over some of the Some existence theorems of the coupled fixed
most important methods and results of nonlinear points for both continuous and discontinuous
functional analysis in ordered Banach spaces. By operators given by Dajun Guo [2] and then offer
means of iterative techniques and by using some applications to the initial value problems of
topological tools, fixed point theorems for ordinary differential equations with
completely continuous maps in ordered Banach discontinuous right-hand sides.

spaces are deduced, and particular attention isExistence theorems of coupled fixed points for

mixed monotone operators have been considered
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show the existence of coupled fix&d points.for

class of nonlinear integral equati‘Sﬁs(.g."F(“’ gj N ‘ﬂl +lld - bli}
Let X be a real Banach Space and K be a closed

convex cone in X. First, let us recall ttRtc X Wherea , § = 0such thatr + § < =
is called a closed convex cone if K is closed and .
the following conditions hold:

. (3.1)

(1) xp = F(xg¥) andy, = F(y,, %)

() K+KcK

(i) tKk c Kforallt= 0 (3.2)

(iii) Kn (—K) = {0} _ Then F has a fixed a unique fixed point
A partial order ¥’ can be induced by K e M

byx =y if and only ify —x € K Proof :-  Define{x_}, {y,} as follows :
If x<y,wedenotfx,y]={zeX:x<z=<y)} x, < F(x Voot s Vo = F(Vy 1% q)
The closed convex cone K is said to be normal if ="~ "7V T AT ?élé) "
there exists a constant N> O such that x <y o

implies that]|x|| < N||y||.

We claim that
g =Xy S =X, SV, 2.V =V
...(3.4)

In thig paper,we prove some fi_xed point theorem |, fact, for = 1 , since F is mixed increasing, it
for mixed increasing operator in ordered Banach ¢qj0ws from (3.2) that

spaces and also give an application to a class of
volterra type integral equation.
Preliminaries

Xg=X =2V =W
Suppose that fer = k(= 1) , we have

Definition 2.1:- An operator A:M c X = X is X SE S TS Xy 53{; ;E)}Fk =Y S°

said to increasing ik,y € M,x = yimplies that Since F is mixed increasing,it follows from (3.5)
Ax < Ay that

Definition 2.2: — An operatorF: M x M — X IS
said to be increasing if , fal,x,y,.y, EM,
X % and  y;, £y, imply that Xpe1 = F(0 Vi) SF (VX)) = Visr  -+-(3.6)
F(x.¥1) = F(x.¥2) Combining (3.5) and (3.6), we get

Definition 2.3:—Let F-MxM—=X be an Xy S Xy = L Xy Ve 0V S Y
operator. We say thaix*,y*) EMXM is a By induction we conclude that (3.4) holds.
coupled fixed point of F ifFf(x*,y*) =x* and

F(y*,x*) =y* and a pointz* €M is called a Now we show that for alt = 1

fixed point of Fif F{x*,x") = x".

Xy = F(Xp 1, Viem1) = F(Xm1, Vieo1) = Xpaq

Main Result 2@+ fn"1

Theorem 3.1:- Let ( X, = ) be a real Banach 3 = 2, 5( 28 ) E{”xl_xﬂ'lH lyo = 3113
space ordered by a closed convex cone K. Let

X0, Vg EX, x5 = ¥, and M = [x,v,]. Suppose 2(a+ )\ 1
that F:M xM—x is a mixed increasing II¥m+1 =Yl 5( 2_p ) E{”xi_xﬂ-""' v =3}
operator satisfying the following conditions:

() Foranya,b,c,d € M, a<b,d<cimplies |y _\ | <(u4p{ly 1) -(37)

that
IF(a, b) — F(c, d)ll < %{Ild —F(d, )|l + b — F(d, dMl e = |F(epy1) — F (o3 )|
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1-2

_Hl}u F(}?ur [.]” ||}’1 - F{}’u:xu) I+ ||x1_xl]||}

Il\.l

o
= E{”}Fu. - F(Yﬂ: xu) |I + "xu - F(yu:xu] " + |I}’|;|. - xu."}
+ _{”F*xjp}ﬁj _xu.” + “}"[ - }ﬁ_"} ﬁ
+ E{"F{}Fu:xuj - xu.” + ||Fu - xu”}

a
=i{||y° Yol lyy =5l + Ml - xu||}+ {lxy = xgll + llyg = w11} . p
. _E{”y” Yol 4 g =wyll +lly, - xu||}+ {llyy = xll + lyg = x4}
E{"}ﬁ} Fj_ll + |Ix1_ xu"}‘l'_r”xg _xu” + ||yu - }’1||} a ﬁ
] E{”y” =¥yl + g =y |+ llyg =1l + EE”}H—%” + llyo = x,ll}
‘::{”"u }’1||'|'||x1 xu”}‘l’ {”"z x1|‘|‘||x1 xu||'|'||"1 }’u"} a B
;{” I+ 1l = xl1} {|| ol + vy =} || I =2 el Tl E{"}H Tl el
- +lxy = xgl + =l —xpll + -I- Xy =X ;
il oo iyl sincey, =, g
o o
llxy = 4ll = 5 ||xz -l = (; _) vy =yl 4 [y — x4} EE{H}FD —xoll + llyg — %0113+ E{”}’D — xoll +1I:

(1= s —sal < (G 0) v il 41—y 127l = (Bl =)

atf Again,
S RIS oy A9
g — 2,0l = ||F(x2,}r2] _F(XL}H)”
Now a
’ S—{llyy = FOrpa )+ vy = FOrpx M+ g — 2 [}
lyy =y ll = ||F{}’1rx13_F(}’u,xu)” 271 ,B v ’ v e
o
< E{ |2ty = F(xguyo)l + 11y = FCequ )l 4 vy — vl —{"F(xz:}?z] — x4+ lly, - lel}
+§{|IF(}?1,X1] _}’D” + ||xu—x1||} = {”}’1 }r2||-|-||y2 ¥y ||+ ||x2 xj_"}'l' {”xg x1||+ ||}’j_ }ﬁ"}
a p i
:i{uxu _xj_” + ||x1 _xj_” + ||}’1 _}’u"}'l'i{:”}’z - }’u” + ||xu_x1||] = _{”yl — ¥z |I + |Ix2 _x1||}+ _{”xa _xlll + "}Fl — ¥z |I}
a B a
=—{|Ix]—xlll+ II‘»*l—}fuIIHE{IIyg = Yoll + llxg— 2,1} E{ll}’l ol + e, - x1||}+ {lleg = 2| + lley = g [+ lyy = 1}
@ B
E{”xu x1||-l- ||}’1 }’u"}"' {||}F2—y1||+||}f1—}fu||-l-||xu—x1||] :E{"}H_}’z ||-I-||xz—x1||}-l-—{||xz—x1||-l-||y1—y2 ||}+E||x3_xz||

B B
:5{||xu—x1||+||}’1‘}’u||}+—{||}’1‘}’u||+||xu-x1||}+5||}’z‘}’1|| ey — x5/l = E"xa Gl = ( )[”}H Vall + llxy = x4l

O A R (1—§)le3—le| (248 b3~ yall + ey~ 1
y k=5l < (52) Gy = yall + = a1
bl < ﬁ){uxi a4 Iy- ) 9
From (3.8) and (3.9)
Now, \
Iy = x2ll = [IF(0.%0) = F (royo) ||x;-xz||<_igfﬁ? '(‘”ﬁ (e (‘:+g{||x1 R4l }lu}
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(atf)(a+p) a B
=1 Sm@{ﬂlxl-xm gy =yl 4 {lxy = 3014 Iy, - 31} oy =z 4 llry -zl + E{”}"g —xyll+ llyy — =l
Sincey, =y,
2 a B
i =1, S(%) 2l =gl + - il - (341) 55["?1 — x4l + Iy — x4} + 5{"}'1 =yl + llyy — x4}
Now, Iy, =2, = (a+ By, — x,ll
lys =yl = [[F O x5) — Fyy.24)| Iy =zl = (e )7l = ol
. Continue in this manner, we get
£E{||x1— F(xlp}"ﬂ |+ ”x: - F(xlr}HJ”‘l' ”}fg _}’1”}
2({a+f)
+§{||F(yg,xg—y1u+ Iz, 1 12y = 2,1 = ( >3 ) Sy —xoll + llyg — 34113

a B
=5{||x1-xgll+ llxy -z, 4 lly -}Fl||}+§{||}@ =yl 4 5 = 5,11} 2(a+ B)

||}Fn+1—}rn||£( ) = {llzey — xll + llyp — ¥4I}

1 ﬁ 2 —
=y~ 3l Iy =l 45l =3l + g =) g
a ﬁ _ { n _
L e P I e B SR
f B / Since a + f < = implies that{x,} and {y,} are
=yl =ty =l + 2l =l 4 Iy =xl}+ 2 Iy =nl two Cauchy sequences with same limit.
B a Let lim,__ v, = lim,__x, =x" Since K is
(1 7 llys =y, < (E"‘ E){“xl = xgll + lly; = 31} closed, it is easy to know that
X, Tx* =y,
o+ 8
ly, — 1l = (ﬂ) fllxy — xoll + vy — 34013 ...(3.14)
From (3.8) and (3.9) For alln = 0. Thus we have:* € M . it follows
(@+)(@tp) 0 +) from 1 and 8 that
Iys =yl € il = gl + g - w1} + = — -l + Iyl Wxpey = FGxm2) = IF(x,3,) — Flx® 27l
@-fe-p 2-p Implies that
a4y’ x*=limx,,,=F(x"x"
by < ) 2l ¥ AR I =P
1-p This implies that* € M is a fixed point of F.
Now, Now, we show that* is the unique fixed point
ly, — 2,1l = ||F(}r1,x1] - F[«"CL}H)” of F.
Let ¥ € M be another fixed point of F. Since F is
a . . . £
< {1y, = F(yy el £ 12, = FCrp x| 4 llyy = ]I} mixed increasing, we know that = x* =<y,
2 forall n = 0.
+§{||F(F1_x1j — x|+ [y, = x4ll} Since K is closed, it is easy to that < & < x*

p thusx* = % this implies thak is the unique fixed
=—{lly, = v+ g =yl + lly, = .11+ {Ilva-x1||+||v1-x1||} point of F.

L\.‘llﬁ

=—{lly, = wll + llx; = 3, + lly, - x1||}+ {lly, = x4 lly, = x, 11}

L\—"IE&
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Theorem 3.2:- Let (X, <) be a real Banach space

ordered by a closed convex normal cone K. Let

Xg,Vp EX,xy <y, and M = [x,¥,]. Suppose

that F:M xM — X is a mixed increasing

operator satisfying the following conditions:

(i) There exists two linear continuous operators
L5:X - X with L(K)c kK, S(K)= K and

1
r(L+5)< > such that

Flab)—F(cd)<l{d—b+a-c}+5{F(ab)—c+d—b}
...(3.15)
For anya, b, c, de€ M, a<c, d= bWhere
L, S5 =0 ,r(L+5) denotes the spectral radius
ofL+5§
(i) xg = F(x4,¥,) andy, < F(y,, xg)

Proof:-  Define{x,}, {v,} as follows :
5 F[:xn—_lr}rn —1) }Fn — F[vn 1’ m— 1)

As proved in theorem 3.1, we have

g =xg =2 x, =V, =..

=

..(3.16)
Since S, L are two linear continuous operators
wWithL(K) € K and(K) c K,

Let x=y them y—xeM. Since
L(KYc kK , we haveL(y—x) =Ly —Lx€K.
This impliesL(x) < L (y) whenever < y.

It follows that S, L are increasing.
Now,

xy — %y = Fxy,3,) — Fxg, ¥p)
< L{yp —yy + 1y — 2} + S{F(xy,yy )
=L{y; — vy +x3— 2} + S{x; — x5+ vy — W}
=L{y, — vy, +x,— 2} + S, —x, v, — vy
=L{yy — vy txg o+ S{ay -yt — %ty — N
=L{y, —yy 23— 1o} + S{ry - xp 3y — ¥y} +5(x, - 1)
(1-5) (x;—x) = (L+5) {¥g— ¥ +x; — %0}

(x;—2xy) = (L—i_s){}’u — ¥y + %y — %}

V2 — ¥ = F(yy, x4) — F (g, %)
< L{xn —-X + W _}"u} +5{F[}71:x1] —¥ +xD - xl]

_xu+}’u_}’1}

EL{xu_x1+}?1_}Fo}+5{}’g — Y +xo_x1}
:L{xu_x1+}'1_}"u}+s{}?: — Yo +xo_x1}
:LEXQ_RH +1 _}Fc-}‘I'S{JE —-ntn-y +xﬁ_x1}
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:L{xo_x1+}f1_}”o}‘|‘5{}’1_}”o+xo_x1}+5@:_}’1]
(1-5) (- wm)=(L+5) 1~y + x5 — x4}
L+5
(“_Vﬂ‘:(l ){"ﬁ Fn+xﬁ_x1}
M= F(}’urxuj - F(xcu}’g.j
< Lyg — %o+ ¥ — %o} + SIF(p,%0) — 10 + 35 — %)
EL{}?[:._Fl"'Fu _xo}‘|‘5{3’1_xﬁ+}’|}_xn}
EL{}’[}_}H‘I'}H_XD +Fu_xn}+5{}?1_xﬁ+}?u_xn}
< L{yg —xg+yp — %g) + 50 —xp + ¥y — %)
Sincey, = v,
55{}?@ _xu+Fu_xn}‘|‘5{}?u_xu+}?u_xn}
< 2L{y, — x4 + 250y, — x,}
vy —x = 2(L+ 5)Mxy — vt
Again
%3 — %y = F(x3,y,) — F(x4,¥,)
=Ly, — v, +x;, —x 3+ Sl —x vy, — )
= L{}H — ¥, TX; —3:1}-I- 5{3'53 Xty - }’2}
=Ly, -y, xSl b, -ty -y, )

=Ly =y, g - xSy -y Y = 1+ S (- 1)

(1-5) (k3= %) = (L+5) {rp — ¥y T 23— x4}

(x —x)—( )f)’l Yy T Xz — %)

from (3.17) and (3.18)

(xa—xz)g(ﬁ-l-S)[ (L-I-S){vl Yot xp— xﬁ-}(%}{yﬁ—yﬁxl—xo}}

1-5/1 \1-§
(5 —x) < ( ){\5"1 ”u"‘xn_xﬁ"'{}’n_vl‘l'fﬁ_xu}}

(x, x]{E(L ){vﬁ v1+x€3 j,
(3 —x,) == (%) o — o + 2y — x4
Similarly,

(y3 =) = 2 (@) 0o — o + x4 — 2}
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and
v, — %, = {2(L + )Py, — x,)
Continue in this way, we get

1/2(L+5)\"
[:xn+1_xnj£E 1—-5 o — w1 + x4 — x4}

2L+S5
(Va1 — enj—_(¥) 0o — ¥ + x4 — %0}

(v — %) S {2(L+ 51y — %o}

From the normality of K and (3.20)

1/2(L+5)\"

e — 5l < N _( )
2V 1-5§

( ntl n:]"— H (EEL-I-SJ)

ly, — 2,1l < NIH2(L + )1 Ml{xg - v HI ... (3.21)

2L+ 5)\"
1-5

100 st <5 | (£2)

v, — xull = NI{2(L + )" ll{xq - v 3l

{”xu -ty }"1"}

{”xl} =X+ ¥y — F1||}

|Ixn+1 X "_ {”x[}_xl-l-yﬁ _}Flll}

2

{||x[, -3ty - F1||}

Since

1
lim I(L+ 5)"l =7(L +5) <3

We have

2(L+5
iew+ s <o =3 (522 j) <q
For some constant € (0,1) and for sufficiently
large n.

It follows from (3.21) and (3.22) that

Nx,eq — 2,0l < Ng™llxg — 2y + vy — w4l

Wynss — Vall £ Ng™llxg — x4 + v — w4l

ly, — x|l = Ng™l{xy -y,

Implies that {x,} and {y,} are two Cauchy
sequences with same limit.

Let lim, . vy, = lim, ., x, =x". Since K is
closed it is easy to know that

X, SxT =y, ...(3.23)
Foralln =0

Flx*x*)— x5, = F(x*x*) — F(x,,v,)

By the normality of K we have

IF(x*x%) = 2, | € NIF(x",x%) = F(x,, w,)l
...(3.24

ris riph et N
x* = ?}T;l: Xpeq = F(x%,x7)
This implies that* € M is a fixed point of F.

Now, we show thak* is the unique fixed point

of F.

Let ¥ € M be another fixed point of F. Since F is
mixed increasing, we know that = x* =<y,
foralln = 0.

Since K is closed, it is easy to thet < x < x*
thusx* = x this implies thaf is the unique fixed
point of F.

Application: Let E be a real Banach space
induced by a closed convex normal coné B."

be the partial ordering induced by P and N be the
normal constant.

Let C(I,E) = {u:I — E is continuous}
ande. = {u e C(LLE): u(t) =0, t€I} where

I =[0,1].For each € C (I, E),

We define||ull, = max, _|lu(t)]l.

Then (1, E) is a real Banach space with norm
[l.1l, and P, is closed convex normal cone with
normal constant N. In this section, we also
denote =" by the partial ordering induced (ry.

In the following, we consider the following
Volterra type integral equation - (3-22)

wu(t) =x(t) + J. k(t,z)f(z,u(z),u(z))dz ... (4.1)
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Where x(t) € C(LE),f:IXEXE—=E affy,v)=x(1) +j k(t,z)f(z u(z),v(2))dz

k:IxI:—= R iS a nonnegative continuous

function.
Theorem 4.1:- Let u,,v, € C(LE),
that the following conditions hold:

C(1): f(t,u(t),v(t)) is measurable for
anyu(t),v(t) € C(LE)

C(2): wuy(t) =x(t) + J. k(t,z)f(z,uy(z),v,(5))dz

vo(8) < x(0) + | k(6,2) (02D o)z

C@3): There exist two nonnegative

constantd.’ ands’ such that
Uy, Uy, 0,0 EL (LLE), Uy <,
andv, < v, imply that

0= f(tu,vy) — fltug,vy) < L'{vy —u;—uy)

+5'{f (up, vy)

—u,+vy — vy}, tEl

C(4): There exist a const&ht= 0 such

that,

J k(t,z)dz < K foreachtel
I

CEI (L +5) <3

Letut, (6) < 2(0) + [ K(62)f (ks (224 (D)0

o
n = 123, ...

(4.2)

v®{x®+fk&ﬂﬂmaﬂﬂu“ﬁﬁﬁ
Then {u,(t)} and {v, (t)] both converges

uniformly to the unique solutiow(t) of (4.1)
Proof:- Define4: D x » — (I, E)as follows:

www.johronline.com

uﬁg 'Ul}
and D={u €C(LE)iu;=u<v,}. Suppose

--(4.3)

From C(2) and (4.2), we know that
uy = A(ug, vy)and A(v,, ugy) < v,, since k(t,s)is
nonnegative and continuous, it follows from C(3)
that

0K Au) = | Koo
0 < A(uyv;) — Aluy,vy)
< [M62 ) 1) - w(2)

+5'{flua(2),v2(2)) — ua(2) + 74 (2) — vy (2)) dz

1D1,(2)) - fle (2 vy(2)))dz

< J. k(t,z)L'{v,(2) +uy(2) — uy(2)} dz
+J. k(6.2) S'{f (uy(2), vy (2)) —wy(2) + 04 (2) — v, (2))} dz

<L (2) +uy(2) - uy (@)} + 5 {f(wy(2) v, (2)

Where,

—13(2) + 15(2) -, (2)}

t T
L) = f UHeJul)dz And Sult) = J §'H(s Jufz)ez
a 0

It follows from C(4) and C(5) that L , S are two
positive linear operators (in the sense that L is
positive if Lu=0 wheneveru =0 ) with
r(L+5)< %

By theorem 3.2, we know that A admits a
unique fixed pointv(t) € C(1, E).

Further, from the proof of theorem 3.2,
we know thatu,(t) andw,(t) both converges
uniformly to the unique solution of (4.1). The
proof is complete.
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