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Abstract: In this paper, we obtain sufficient conditions foe existence of a unique fixed point of T-
Zamfirescuin complete cone metric spaces and weodate T-Manniteration and study the
convergence of these iterations for the class @aiirficescu operators in real Banach spaces.
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Introduction: In [8], Huang and Chang gave the then they extended the Banach contraction
notion of cone metric space, replacing the set of principle and the Edelstein’s fixed point
real numbers by ordered Banach Space andTheorem.

introduced some fixed point theorems for The T—Kannan contractive mappings introduced
function satisfying contractive conditions in by S. Moradi [13], and extend in this way the
Banach Spaces. Sh. Rezapour and R.Kannan's fixed point theorem [10]. The
Hamalbarani [12] were generalized result of [8] corresponding version of T-contractive, T-
by omitting the normality condition, which is Kannan mappings and-Chalterjea contractions
milestone in developing fixed point theory in on cone metric spaces was studied in [4] and [5]
cone metric space. After that several articles on respectively, obtained sufficient conditions for
fixed point theorems in cone metric space were the existence of a unique fixed point of these
obtained by different mathematicians such as M. mappings in complete cone metric spaces. In [6]
Abbas , G. Junck[9], D. llic [2] etc they studied the existence of fixed points for T-
A. Beiranvand etc [1] introduced the Zamficescu operators in complete metric spaces
T-contraction and T—contractive mappings and and proved aconvergence theorem of T-Picard

iteration for the class of T-Zamficescu operators
For Correspondence: In analysis of these facts, thus the purpose of thi
rajeshchordia76@gmail.com. paper is to study the existence of fixed points of
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T-Manniteration and establish strong (i) ]2 + [l = x|l + ll¥ll  for all
convergence theorems of these iteration schemes x,VEX

to the fixed point of T-Zamficescu operators (iv) [|kx|| = | & | |IxI for all k € R.

inreal Banach spaces. Then]|| - || is called a norm o, and (X, || - ||) is
Preliminaries & Definition called a cone normed space. Clearly each cone

Definition 2.1. Let (E, |- |I) be a real Banach  normed space is a cone metric space with metric
space. A subset € Eis said to be a cone if and  defined byd (x,y) = [|x — y]|

only if Definition 2.5. [3]Let (X,d) be a cone metric
() P is closed, nonempty and Spacex € X and{x,}asequence inX. Then
P = {0} (i) {x,jconverges to x if for
(i) abER, ab=0, x,yEP every c€ Ewith0 << ¢ there is a
impliesax + by € P natural number N such
@iy Pn(—P) = {0} thatd(x,,x) <c forall n=N
For a given coneP subset of E, we define a We shall denote it Him,_..x,=x
partial ordering< with respect to P by < y if Orx, — x.
and only ify —x € P. We shall writex < y to
indicate thatr < y butx # y while x << y will (ii) {x,.} is a Cauchy sequence, if for
stand for y —x € intP where intP denotes everyc € E with 0 << ¢ there is a
interior of P and is assumed to be nonempty. natural number N such that
Definition 2.2. [7] Let X be a nonempty set. d(x,,x) =c foral nmz=N
Suppose that the mappingl: X XX = E (iii) (X, d) is a complete cone metric
satisfies space if every Cauchy sequence is
() 0=d(xy) for every convergent in X.
x,y € X, d(x,¥) = 0if and only ifx = y. Definition 2.6. [11] Let (X,|-|l) be a cone
(ii) d(x,v) = d(v,x) for everyx,y € X. normed spacey € X and{x,} a sequence in X.
(i)  d(xy) <d(xz) + d(zy) for every  Then
x, v,z EX. (i) {x,Jconverges to x if for
Thend is a cone metric oK and(X, d) is a cone every ¢ € Ewith 0 < cthere is a
metric space. natural number N such that
Example 2.3[3] Let llx, —xll <c forall n= .
E=R" ,P={(x,y) EE:x,y =0} CR?, We shall denote it
X=R bylim,, _,.. x,, = x orx, — x.
and d:XxX—E such that . ) _
d(x,y) = (Ix — yl,alx —y]), wherea = 0 is a (i) {x.} Is a Cau_chy sequence, _|f for
constant. Thei(x, d) is a cone metric space. everyc € E with 0 < c there is a
Definition 2.3. Let E be a Banach space and: P natural number N such that
E a cone. The cone Pis called normal if there is a g = xpll =¢ forall mm =N
number K > 0 such that for ally € E, - _
0 =x = ympliesx|l = K]l (i) (x.Il-1) is a complete cone

normed space if every Cauchy
sequence is convergent. A
complete cone normed space is
called a Cone Banach space.

The least positive number satisfying the aboveis
called the normal constant of P.
Definition 2.4. [11] Let X be a vector space over
R. Suppose the mappilig|| : X — E satisfies

(i) llx]|=0forallxe X

(@ii) |lz]l = 0if and only ifx = 0
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Lemma 2.7. [3] Let (X,d) be a cone normed

Definition 2.9.[14]Let(X,d) be a cone metric

space. P be a normal cone with constant K. Let space andT,5: ¥ — Xtwo mappings. S is

{x,}, {».} be a sequence it¥ and x,y €X
Then
() {x,} converges tax if and only if
lim, _,_d(x, ,x)=0.
(i) If {x,} converges tox and {x,}
converges tg: thenx = y
(i) If { x,} is a Cauchy sequence if
and onljim,, ,, ... d(x,,x,,) =0
(iv)If the {x,}converges tox and
{v.}converges to y then
d(x,,.¥,) = d(x,y)
Definition 2.8.Let (X, d) be a cone metric space,

called a FZamfirescu mapping, (TZ-mapping),

if andonly if, there are real

numbers) < a < 1, 0 =< b,c < 1/2 such

that for alk,v € X, at least one of the next

conditions are true:

(TZ1): d(TS5x,TSy) < ad(Tx,Ty).

(TZz):

d(TS5x,TSy) = b[d(Tx,TSx) + d(Ty,TS5y)]
(T2):

d(TS5x,TSy) = c[d(Tx,TSy) + d(Ty,T5x)]

Definition 2.10.Let E be a Banach space, = E

P a normal cone with normal constant K and and T,5: E — E be two mappings. The sequence

T: X = X Then

(i) T is said to be continuous, if

nroe Xy = X
lim,..T(x,)=T(x) for all
{x,}and xin X.

(i) T is said to be sub-sequentially
convergent if we have, for every
sequence 9}, if T(w,) Is
convergent, then ¥,} has a
convergent sub-sequence.

@iiT is said to be sequentially
convergent if we have, for every
sequence ¥}, if T(w,is
convergent then{y,} also is
convergent.

Now, following the ideas of T. Zamfirescu [D]
we introduce the notion
ofT-Zamfirescumappings.

Proof:- For allx,y € X,

lim

{Tx,} € E defined by

Tt = (1-a,)Tx, +a,T51,
where {a,}€[0,1] is called
iteration associated to S.
Lemma 2.11.[15]Let{r,},{s, Jand{t, Jbe

sequences of non negative numbers satisfying
the inequality
M1 = (1—s5)n, +s,tforal n=1

Ifz 5, =00
n=1

1. Main Result:-
Lemma 3.1:Let (X,d) be a cone metric space

andT,5: X — Xtwo mappings with

d(TSx,TSy) < b[d(Tx, TSy)+d(Ty,TSx) - d(TSy,TSx)]  ..(3.1)
for all x,yeEX. where 0=a<1 and
0<b<1.Then S is a¥Zamfirescu mapping.

n=123 .. (21)
the T-Mann

and lim t, =0 then limr, =0
oo n—*oo

d(TSx,TSy) < b[d(Tx,TSy)+ d(Ty,TSx) —d(TSy,T5x)]
< b[d(Tx,TSx) + d(TSx,TSy) + d(Ty,TSy) + d(TSy,TSx) — d(TSy,T5x)]
< b[d(Tx,TSx) + d(TSx,TSy) +d(Tv,TSy)]
d(TSx,TSy) < b[d(Tx,TSx)+ d(TSx,TSy) + d(Ty,T5y)]
d(TSx,TSy) — b d(TS5x,TSy) =< b[d(Tx,TSx) + d(Ty,TSy)]
(1—b)d(TSx,TSy) < b[d(Tx,TS5x) +d(Ty, TSy)]

d(TSx,TSy) <

[d(Tx,TSx) +d(Ty,TSy)] w(3.2)

(1—b)
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Therefore by denoting = ﬁ

We haved < 4 = 1 . Hence for alk, vy € X the
following inequality holds

d(TSx,TSy) < Ald(Tx,TSx) +d(Ty,TSy)]

Thus, S is a TZamfirescu mapping.

Theorem 3.2:-Let( X, d)be a complete cone metric

space, P is normal cone with normal cone with
normal constant K. Moreover, I8t X — X be a

continuous and one to one mapping &nd —+ X a
continuous mapping with
d(TSx,TSy) < b[d(Tx, TSy)+d(Ty,TSx) — d(TSy,TSx)]
Then

(i) Foreveryx, X
lim d(T5™ 1x,, TS"x,) = 0O

(i) There isy, € X such that

: T —
lim TS"x, = ¥,
L —Hoo

(iilf T is sub-sequentially convergent, then
{5"x,] has a convergent sub sequence.

(iv) There is a unique, € X such that
Sz, = z;.

(v) If T is sequentially convergent, then for
eachx, € X the iterate sequen¢s™x,]
convergent tce,

Proof:-
(H)By lemma (3.1) S is a¥Zamfirescu
mapping. Thereforeg a real number
0 = h < 1 such that
d(TSx ,TSy) < hd(Tx,Ty)forallx,y € X
Suppos#, € X is an arbitrary point and the
Picard iteration associated tc:§, }is defined by
Xy = Sx, =5"x, n=012...
Thus,
d(TS™ 12y, TS xy) < h d(TS™xp, TS™ 1)
< h[hd(TS" 2, TS 2x,)]
< h*d(TS™ 1x,, TS™ 2x,)
< R3[d(TS™ xp, TS™ 3x,)]
Continue tan times, for alln we have
d(TS™x,, TS"xy) < RPd(TSxy,Tx,)]
Form the above, and fact the cone P is normal
cone we obtain that

www.johronline.com
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Nd(TS™ 1xg, TS"x) | < Kh™ld(TSx,. Txp) |l
Taking limitn — co in the above inequality we

can conclude that
lim d(T5"*1x,,TS"x,) =0

(i) Now, for m,n € N with m = n from (3.3)

we get

d(TS™x, TS"xy) = (R™ +

1—h

Since P is a normal cone we obtain
lim d(T5™x,TS5"x,) =0

Hence, the fact the(tt, d) is a complete cone
metric space, imply the(™s"x,) is a Cauchy
sequence i, therefore ig7, € M such that

lim T5"x, = ¥,
L —oo

(iii) If T is sub-sequentially convergefis,™x,}
has a convergent subsequence, so there is
z, € M and{n, };—, such that

lim §™x, ==z
k= oo o o

(iv) Since T and S are continuous mappings we
obtain:

Jli_r}]:'lci" Stx, =Tz,

%im T 5™y, = TSz,
S

ThereforeTz, = y, = T5z,,

Since, T is one to one, théz, = z,.

SoShas a fixed point.

Now, suppose thaz, = z, ancsz, = z,.

d(TSz,,TSz,) < Ald(Tz,TSz,) +d(Tz,,TS5z,)]

d(Tz,Tz,) < Ald(Tz,Tz,) +d(Tz,Tz,)]

d(Tzy,Tz,) =0

= d(Tz,Tz,) =0

=Tz, =Tz

Since T is one to one, then we obtain that

2y = Z,.

(v) Itis clear that if T is sequentially convergen
then for eack, € X, the iterate sequence
{5"x,]) converges to,.

ot BTN A(TSx,,Txy)

=

d(TSxy Txy)

(33
'IJheorem 3.3: Let E be a real Banach space, K

be a closed, convex subset of E alG: K — K
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be two mappings such that T is continuous, one- [3] Huan Long - Guang and Zhan Xian, Cone
to-one, sub-sequentially convergent with metric spaces and fixed point theorems of
ITSx — TSyl < b[lITx =TSyl + [ITy — TSx|| = || TSy — TSaffractive_mappings, J. Math. Anal. Appl.,

Let {Tx,, .=, be the sequence defined as in (2.1) [4]3%?’ ﬁggTéélin?j—E?%ojas Cone metric

where {a,};-, € [0,1] and X7, a, = oo then spaces and fixed point theorems of
{Tx, )=, converges td@ x* wherex* is the fixed T—contractive mappings, preprint, 2009.
point of S. [5] J. Morales and E. Rojas, Cone metric

spaces and fixed point theorems of

Proof: By Lemma (3.1), S is aZamfirescu T-Kannan contractive mappings, arXiv:

mapping, and by the theorem (3.2) we get that S 0907.3949v1 [math.FA]

has a unique fixed point, say in K. [6] J. Morales and E. RojaSpme results on
Since S is a¥Zamfirescu mapping, therefore, T-Zamfirescu operators, RevistaNotas de
there is a real numb@& = k < 1 such that mathematica, 5 (1) (2009), 64-71.

[7] L G.Huang, X. Zhang, Cone metric space

TSx— TSyl = kllTx—Ty 23, :
I75% i I7x =Tyl and fixed point theorems, Math. Anal.

Let {Tx,};=, € K be the T- Mann iteration Appl. 332 (2) (2007) 1468. Anal. Appl. 341
associated to S defined by (2.1) ance K (2) (2008) 876.

Then [8] L G.Huang, X. Zhang, Cone metric space
ITx,., — Tx*ll = (1 — @, )Tx, + a,TSx, — Tx*|| and fixed point theorems, Math. Anal.

s . Appl. 332 (2) (2007) 1468. Anal. Appl. 341
=l a)r, =T+ 0,05 =T oo s PP

Which gives [9] M. Abbas, G. Jungck, Common fixed
ITx,y — Tl £ (1 —a )ITx, — Tx*[| + a,ITSx, — TxHbint redWs) for noncommuting mappings
Takingx = x* andy = x_, in (3.5) we get without continuity in cone metric space, J.

Math. Anal. Appl. 341 (2008)416.

= — = f— . .
IT5x" = TS5, || < KlITx" = T | [10] R. Kannan, Some results on fixed points,

Which implies Bull. Calcutta Math. Soc., 60, (1968), 71—
ITx*— TSx, |l < kllTx* — Tx, || - (38)

Using (3.6) and (3.7) we obtain, [11] S M Kang and B. Rhoades, Fixed points
ITx, . — Tx*|| £ (1 —a,)lITx, — Tx*|| + a, k| Tx" — Tx, || for four mappings, Math. Japonica, 37(6)

— (1 _ o (1992), 1053
(1-a, +a,b)lrx, Tx* I [12] S M Kang and B. Rhoades, Fixed points
=[1—a, (1= K)]lITx, — Tx"ll for four mappings, Math. Japonica, 37(6)
Since0 < k< 1,a, € [0,1] and}X¥_, a, = 0, (1992), 1053.
by settinge,, = (1 — k)a,, r, = |ITx,, — Tx*| [13] S. Moradi, Kannan fixed point theorem on
complete metric spaces and on generalized

and by applying Lemma (2.11) we get that metric spaces depended on another

im||Tx, —Tx*|l =0

n—o function, arXiv:0903.1577v1 [math.FA].
Hence{Tx,}>_, converges t@x* wherex*is [14] T. Zamfirescu, Fixed points theorems in
metric spaces, Arch. Math., 23, (1972),

the fixed point of S.
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