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Abstract: In this paper we obtain the size of the disc incwhthe zeros of polar derivatives of
polynomial of degree n with real coefficients wifspect to a real lie.
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Introduction: To estimate the zeros of a
polynomial is a long standing problem. It is an

interesting area of research for many engineersay+6 > a >

of degree n with real coefficients such that for
somed >0
>a> 0

as well as mathematicians and many results onandia<(i-1) a1i= 2, 3, .... .n.

the topic are available in the literature.

If P(z)=E-,aiZ, be a polynomial of degree n
then Polar Derivative of the polynomial P(z)
with respect tooa, wherea can be real or
complex number, is defined as

D.,P(z) = n P(z) +d-z) P’'(2).

It is a polynomial of degree up to n-1. The
polynomial D,P(z) generalizes

the ordinary derivative, in the sense that
limy—.D.P(2)l0 = P’(2).

This paper we prove the following results.
Theorem (1): Let P(z)=™,4iz' be a polynomial
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Then the zeros of polar derivative of P(z) with
respect to a positive lie in

Iz| < (an1+ ana) {-an.1- ona, +2na +20a, +
2nd}. _
Corollary (1): Let P(z)=r,aZ be a
polynomial of degree n with real coefficients
such that for
aZzaz..... > a0
andia<(i-1) a4i=1, 2, .. .n.
Then the polar derivative of P(z) with respect to
a positiveo has up to (n-1) roots and they lie in
|Z|< (8n-1+ onay) {-an.1- ona, +2na +20a; }.
Remark(1): By taking 6=0 in Theorem (1) we
obtain Corollary(1). '
Theorem (2):Let P(z)=™,aiz' be a polynomial
of degree n with real coefficients such thatdor
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andia<(i-1) a1i= 2, 3, . . . .n.

Then the zeros of polar derivative of P(z) with

respect to any#-a,.//na, lie in

|Z|< |av1 + anan[*{-an.1 - ana+2md + na + oay +

| na + oay [} |

Corollary(2):Let P(z)=~,qiZ be a polynomial

of degree n with real coefficients such that for
>da=>. . ... >

andiga<(i-1)a.i=1, 2, .. .n.

Then the polar derivative of P(z) with respect to

any o#-a,.2//nahas (n-1) roots and they lie in

|z|< |1 + ana[{-an.1 - ana, + na + aay + | N@

+oay [}

Remark(2): By taking 6=0 in Theorem (2) we

obtain Corollary(2). _

Theorem (3): Let P(z)=™,4iz' be a polynomial

of degree n with real coefficients such that for

ato=a>..... 2 &

andia<(i-1) a1i= 2, 3, . . .n.

Then the polar derivative of P(z) with respect to

a such that

a = -&a/ na = -28Jd(n-1)a.=.....=-(N-m-

1)an+1/(M+2)an: o7 -(n-M)an/ (M+1)an+1

Where m=0,1,..n-1

has exactly m roots and they lie in

lzZ| < |(n-m)a + a(m+l)aga{-(n-m)an -

a(Mm+1)an.1 +nNa +ana + 2rd + | na + anay [}

Corollay(3): Let P(z)=™,aiZ be a polynomial

of degree n with real coefficients such that for

= ... > &

andia<(i-1) a1i= 1, 2, .. .n.

Then the polar derivative of P(z) with respect to

a such that

a = -&a/ na = -2aJd(n-1)a.=.....=-(N-m-

1)an+1/(M+2)an: o7 -(n-M)an/ (M+1)gn+1

where m=0,1,..n-1

has exactly m roots and they lie in

Izl < I(n-m)a, + a(M+D)ama{-(-may -

a(m+1)ans1 +Na + ang + | na + ana |}

Remark(3): By taking 6=0 in Theorem (3) we

obtain Corollary(3).

Proof of Theorem 1:

Let P(z) = a+ az + aZ° + ...... + az

polynomial of degree n.

Then the polar derivative of P(z) is given by

D.P(z) = n P(z) +d-z) P’(z). Then

D«P(z) = [n@ + aa&] + [(N-1)a + 20&] z + [(n-
2)a + 30@g)z” + ...

+ [(n-m+1)an1 + oman ]Z™ + [(n-m)an
+o(M+1)an+1 12" + [(N-M-1)Gn+1
+a(M+2)an 2™+ ...

+ [2an2+a(n-1)a.1z" 2 + [a,.1 + ana|z™™

Now consider the polynomial Q(z) = (1-2)
D.P(z) so that

Q(2) = -[ &1 *+ ana]z" + [a1 + oN& - 232 -
a(n-L)a.)z"* + ...

+ [(n-m-1)ans1 + a(m+2)an2 - (n-m)a, -
a(m+1)an.]z™*

+ [(n-m)an + a(m+1)ans1 - (N-M+1)g.1 - amay
12"
+ [(n-m+1)gy.1 + amay, — (N-M+2)@&.2 — a(m-
Dangz™ + ...

+ [(n-2)a& + 3uas — (n-1)a - 208]z° + [(n-1)a
+ 202 — N - 0&y |Z

+ [nay + o). _

Now if [z|>1 then |Z]< 1fori=1,2,3, .....n-1
Further

IQ(@)| |av1 + anal|z]™ - {lans + ana - 23, -
a(n-1)a.| |2]™* +....

+ |(n-m-L)ag1 + a(M+2)ane - (N-m)an -
o(m+1)anea] |2

JlrnL(n-m)aq +a(M+1)ani1 - (N-M+1)G.1 - aman ||
+|(n-m+1)a.1 + ama, — (n-Mm+2)a-2 — a(m-
1)an| 21"

+|(n-2)a + 308s — (n-1)a - 20| [2f +|(n-1)a +
208 — N@ - a&| |z|

+|na + a&l}-

> |ay + ana| |21|z| - | a1 + ana*{lans +
ana, - 2a-2-a(n-1)a|

+ 282 + a(n-1)an1 -3anz-a(n-2)an |zI* + . . .
+(n-Mm-D@+1 + a(M+2)an2 - (N-mM)a, -
a(M+1)ans| 2™

+|$n-m)aln + a(m+1)ans1 - (N-M+1)g.1 - amay ||
ZI— n-m-1)

+|(n-m+1l)g.. + ama, — (N-m+2)a.. — a(m-
Dan4l 21"+ ...

+|(n-2)a + 3uge — (n-1)a - 208 [2]™ + -
1)a + 208 Na - aay| |2]"? +|na + vay| |2]"Y
1
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>|ars + anal| [2[7|z] - | &1 + ana[Yjan +
ang, - 2a&-2 -a(n-1)a.|
+ |2&-2 + a(n-1)a.1-3a3-a(n-2)a + . . .
+(n-Mm-D@+1 + a(M+2)an2 - (N-m)ay -
o(M+1)an|
+|(N-M)a, + a(m+1)an+1 - (N-M+1)&.1 - aman |
+|(n-m+1)g.1 + ama, — (N-m+2)a. — a(m-
1)&n.1| + ...
+|(n-2)a + 3uag — (N-1)a - 20| + [(n-1)a +
208 — N@- Nd - ag+ Nd| +|na +aay| }].

>|ah.y + anal [2]7|z] - | @1 + ana[{ 2an2 +
a(n-1)a.1- a1 - and,
+ 3a.3ta(n-2)a.> 2a2 -a(n-L)aa + . ..
+ (n-m)a, + a(mM+l)an- (N-M-1)gwa -
a(M+2)an2
+ (N-M+1)@.1 + aman - (N-M)ay, - a(M+21)an+1
+ (N-M+2)&.2 + a(M-1)an.1-(N-M+1)a,1 - amay,
+ ...
+(n-1)a + 20&- (N-2)& - 3uag + Nat+ No+ oay-
(n-1)a - 208+ N0 +na +oay }].

>|a1 + anay| [ZIY|z| - | &1 + ana[{- anq -
ana, +2 ng+2 v+ 2aa }.
>0 if [z | >] A1 + ana[{- an.1 - ana, +2 na+2
no+ 2oy}

This shows that if |z|> 1then Q(z) >0if |z
> @ + anaf’ {- a1 - ana, +2 nat2 o+
2aa1}.

Hence all the zeros of Q(z) with |z|>1 lie in
|z| <| &1 + ana[{- an1 - ana +2 na+2 s+
208y }

But those zeros of Q(z) whose modulus is less +|(n-m-1)@&+1 + a(Mm+2)an:2 -
than or equal to 1, already satisfy the above a(m+1)an:1| |z[

inequality since all the zeros of,B(z) are also

the zeros of Q(z) as they lie in the circle defined
by the above inequality and this completes the

proof.

Proof of Theorem 2:

Let P(z) = g+ az + az° +
polynomial of degree n.
Then the polar derivative of P(z) is given by
D.P(z) = n P(z) +d-z) P’(z). Then

D.P(z) = [na + a&] + [(N-1)a + 20a] z + [(n-
2)a + o@g)z° + ...

m-1

+ [(n-m+1)gy1 + ama, [z + [(n-m)ay
+o(M+1)an+1 1z" + [(N-M-1)an+1
+a(M+2)an 2™+

www.johronline.com

+ [2an2+a(n-1)a.1]z"? + [a.1 + ana)z™™

Now consider the polynomial Q(z) = (1-2)
D.P(z) so that

Q(2) = -[ &1 *+ ana]z" + [a-1 + ang, - 2a&.2 -
a(n-L)a.)z"* + ...

+ [(N-m-Dan+1 + a(Mm+2)an2 - (n-m)ay, -
a(m+1)an+1)z™"*

+ [(n'm)am + a(m+1)a:n+1 - (n'm+1)aq.1 - 0Man
12"

+ [(n-m+1)ay1 + oman — (N-M+2)@.2 — a(m-
Dangz™™ + ...

+ [(n-2)a + 3uag — (n-1)a - 208]z° + [(n-1)a
+ 208 — N@ - 0&y |z

+ [nay + aay]. .

Now if [z|>1 then |Z]< 1fori=1, 2, 3,
Further

IQ(@)|= |ava + ana|z]™ - {lans + ana - 2a.5 -
a(n-Daa| 2] +....

+ |(n-m-1)a1 + a(M+2)an
a(M+1)ansa| 2™

JlrnL(n-m)aq +a(M+1)ani1 - (N-M+1)G.1 - aman ||
z

+(n-m+1)aq + aman — (N-M+2)a.> — a(m-
D)anl |2l

+|(n-2)a + 3085 — (n-1)a - 20| [2f +|(n-1)a +
208 — N - a&| |z|

+[ng + aay}.

> |aa + ana| |21 Y|z| - | a1 + anal[*{lans +
ang, - 2a&-2-o(n-1)a-1|

+ [2&2 + o(n-1)an1 -3az-a(n-2)an |zI* + . . .
(n-m)an -

- (n-m)a, -

n-m-2)

+|(N-M)a, + a(M+1)an+1 - (N-M+1)G.1 - amay ||
Zr(n—m—l)
+|(n-m+1l)g.1. + ama, — (N-m+2)a.. — a(m-
Dan4| 21" + ...
+(n-2)a + 3ug — (n-1)a - 20| 2™ + (-
1)a + 208 N& - 0ay| |2]"? +|na + va| |2]"Y
1

>|as + anal| [2]7|z] - | @1 + ana[{lans +
ang - 2a-2 -a(n-1)a.|
+ |2&-2 + a(n-1)a.1 -3a3-0(n-2)a + . . .
+(n-Mm-Da+1 + a(M+2)an2 - (N-M)ay, -
a(m+1)an+1|
+|(N-M)an, + a(m+1)an+1 - (N-M+1)&.1 - aman |
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+|(n-m+1)g.1 + aman, — (N-m+2)a2 — a(m-
1)a’n-l| + ...

+|(n-2)a + 3uag — (N-1)a - 20| + [(n-1)a +
208 — N@- Nd - ag+ Nd| +|na +aay| }].

>|ah.s + anal |2]7|z] - | @1 + ana[{ 2an2 +
a(n-1)a.1- a1 - and,

+ 3a.3ta(nN-2)a.> 282 -a(n-L)aa + . ..

+ (n-m)a, + a(mM+l)an- (N-M-1)ga -
a(M+2)an2

+ (N-M+1)@.1 + aman - (N-M)a@, - a(M+21)an:+1

+ (N-M+2)&..2 + a(M-1)agn.1-(n-M+1)a1 - amay,
+ ...

+(n-1)a + 2o0&- (n-2)& - 3oag + Nat No+ oay-
(n-a - 2aa+ N6 + |n@ +aa] }].

>lana + anay| [217|z| - | @1 + anal*{- ana -
ang, +tNna+2 w+ aat [na +aa| }.

>0 if |z | >| &1 + ana|{- an1 - ana, + na+2
noé+ o+ [na +oa}

This shows that if |z|> 1then Q(z) >0if |z
>| a1 + onay|* {- am.1 - ana, + nat+2 v+ oa +
[n& + 0@y}

Hence all the zeros of Q(z) with |z|>1 lie in
|z| <| &1 + ona[*{- an1 - ana, + na+2 s+
oag+t|na +oayl }

But those zeros of Q(z) whose modulus is less +|(n-1)a + 208 -N& - aa ||z ™

Now consider the polynomial Q(z) = (1-2)
D.P(z) so that
Q(2) = -[(n-M)a, + a(Mm+1)ans]z™* + [(n-m)ay
+ a(m+1)an+1 - (N-M+1)@1
- aMay Jz" + [(n-M+1)a.1 + oman, — (N-M+2)a..
, —a(m-1)angz™ + ...
+ [(n-2)a + 3uag — (n-1)a - 208]z° + [(n-1)a
+ 208 — Ng - a&y |Z
+ [n& + aay]. .
Now if [z|>1 then |2]'< 1fori=1, 2, 3,
1
Further,
Q@) = |(n-m)a + a(m+1)amllz[™ - {|(n-
M)an + a(M+1)an+1 - (N-M+1)G.1 - amay | [2]"
+ |(n-m+1)a@.1 + amay, — (N-m+2)@.-2-a(m-1)ay.
| |2+
+|(n-2)a + 3aas — ( n-1)a - 208| [2f + [(n-1)a +
208 -Nay - ady | |2 |
+[ng + aay|.
> |(n-m)a, + a(M+L)awllz]" [|z] -[(n-m)a +
a(m+1)ansal™"
|{|(n'm)aﬂ + a(M+1)an- (N-m+1)a, - aman
+...
+(n-2)a + 3o — (n-1)a - 20 2™
+|ng + aay||z]

than or equal to 1, already satisfy the above ™).

inequality since all the zeros of,B(z) are also

> |(n-m)a, + a(m+L)anllz* [Iz] -|(n-m)a +

the zeros of Q(z) as they lie in the circle defined a(m+1)an.1|
by the above inequality and this completes the {|(n-m)a, + a(m+1)an:1- (N-M+1)a.1 - amay

proof.

Proof of Theorem 3:

Let P(z) = a+ az + az° +
polynomial of degree n.
Then the polar derivative of P(z) is given by
D.P(z) = n P(z) +d-z) P’(z). Then

D.P(z) = [na + aa&y] + [(n-1)a + 2ua] z + [(n-
2)ap + 30ag)z° + ...

+ [(n-m+1l)ay1 + oman 2™ + [(n-m)an

+a(M+1)an+1 1z" + [(N-M-1)&n+1
+o(M+2)anJz™ + ... + [2&.2 +a(n-1)a.1]z"™
% + [a1 + anaz™™

As o = -g./ na = -2aJ/(n-1)g.1=.....=-(n-m-

1)an+1/(M+2)an:2# -(N-m)an/ (M+1)an+1

D.P(Z) =[(n-m)a +o(M+L)ana 2™  [(n-
m+1)an1 + aman [2" ... +[(n-1)a + 2ua] z +
[nay + aa].

www.johronline.com

[+...

+|(n-2)a + 3uas — (N-1)a - 20|

+|(n-1)a + 2oa—na- nd - aa-Nd |[+|na + aayl}].
> |[(n-m)an + a(m+1)anl|z[" [|z|

(n-ma  +  a(m+l)awd”  {-(-m)an -
a(m+1)an.1
+(N-m+1)@,1 + amay, +... -(n-2)a - 3oag + ( n-
1)a + 208

-(n-1)a -208 +Na + ag+2M9+|na + aay|}].
> |(n-m)an + a(m+L)an.llz[" [z

(n-m)a,  + a(m+Dana  {-(n-m)an -
a(m+1)ans1 +nNa + oay+2m
+|na + aal}].

>0 if |z | > |(n-m)a + a(m+1)ansa|* {- (N-M)anm
- a(m+1)ant+ natoa +2n +|na + aal}
This shows that if
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|z | >|(n-m)a + a(m+L)anal* {- (n-m)an -
a(m+1)an+1 +Na + aay+2n +|na + aal}.

then Q(z) > 0.

Hence all the zeros of Q(z) with |z|>1 lie in
lz | > [(n-m)a + a(Mm+D)awa* { -(n-m)an -
a(m+1)an.1 +Na +agg+2n +|na + aal}-
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